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Abstract
We consider exactly solvable 1d multi-band fermionic Hamiltonians, which have affine
quantum group symmetry for all values of the deformation. The simplest Hamiltonian is a
multi-band t− J model with vanishing spin-spin interaction, which is the affinization of an
underlying XXZ model. We also find a multi-band generalization of standard t− J model
Hamiltonian.
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1 Introduction
In [1] we developed the technique for construction of spin chain Hamiltonians, which have
the energy levels of finite XXZ Heisenberg magnets with a degeneracy of levels due to
an affine quantum group symmetry. One can call this procedure an affinization of XXZ
model. The first example of this type model was constructed in [2], giving rise to the
Hubbard Hamiltonian in the infinite repulsion limit. In [3] we have fermionized the simplest
examples of this newly defined family of spin chain models and have shown that it leads
to extensions of one-band Hubbard Hamiltonians. The η-pairing mechanism introduced by
Yang [4, 5] was found in one of the examples, in addition to other extended exactly solvable
Hubbard models with super-conducting ground state [6, 7, 8, 9, 10].
An interesting aspect of these models is that the existence of an affine quantum group
symmetry and the associated degeneracy of levels might lead to a new type of string theories.
In this article we extend the investigations to t − J models initiated in [11, 12]. In
sec.2 we review the construction of spin chain Hamiltonians which possesses affine quantum
group symmetry [1, 3]. In sec.3 we use this construction to obtain a multi-band t−J model
at J = 0 which is the affinization of the XXZ Heisenberg Hamiltonian. In sec.4 we show
how a multi-band t− J model is obtained from the standard one-band t− J model by the
action of the affine quantum group. It is shown that some simple multi-band extension
of the t − J model, where the spin-spin coupling term consists of the interaction between
the total spins, i.e. the sum of the spins of all bands, at nearest neighbor sites, contains an
affine quantum group symmetry.
2 Quantum group invariant Hamiltonians for reducible rep-
resentations
Let V = ⊕Ni=1Vλi be a direct sum of finite dimensional irreducible representations Vλi
of quantum group Uqg [13, 14, 15]. We denote by V(x1, . . . , xN ) the representation with
spectral parameters xi of the corresponding affine quantum group Uq gˆ [15]:
V(x1, . . . , xN ) =
M⊕
i=1
Nλi⊗ˆVλi(xi), (1)
where all the Vλi(xi) are M nonequivalent irreps and Nλi ≃ C
Ni have dimensions equal
to the multiplicity of Vλi(xi) in V(x1, . . . , xN ). Note that
∑M
i=1Ni = N . The ˆ over the
tensor product signifies that Uq gˆ does not act on Nλi⊗ˆVλi(xi) by means of comultiplication
∆ but instead acts as id⊗ g.
In [3] the general matrix form of intertwining operator
H(x1, . . . , xN ) :
V(x1, . . . , xN )⊗V(x1, . . . , xN )→ V(x1, . . . , xN )⊗V(x1, . . . , xN ), (2)
[H(x1, . . . , xN ),∆(a)] = 0, ∀a ∈ Uq gˆ
had been written using the projection operators
Xab = |a〉〈b| (3)
Here the vectors |a〉 span the space V. In accordance with the decomposition (1) we will use
the double index a = (ni, ai), i = 1, . . . ,M where the first index ni = 1, . . . , Ni characterizes
2
the multiplicity of Vλi and the second one ai = 1, . . . ,dimVλi is the vector index of Vλi .
Then the intertwining operator (2) is
H(A,B) =
M∑
i,j=1
 ∑
ni,nj ,mi,mj
Aij
mimj
ninj
∑
ai,aj
X
(ni,ai)
(mi,ai)
⊗X
(nj ,aj)
(mj ,aj)
(4)
+
∑
ni,nj ,mi,mj
Bij
mimj
ninj
∑
ai,aj ,a
′
i
,a′
j
Rij
aiaj
a′
i
a′
j
(xi/xj)X
(nj ,a′j)
(mi,ai)
⊗X
(ni,a
′
i
)
(mj ,aj)
 ,
where the R-matrix
RVλi⊗Vλj (xi/xj)|ai〉 ⊗ |aj〉 =
∑
a′
i
,a′
j
Rij
aiaj
a′
i
a′
j
(xi/xj)|a
′
i〉 ⊗ |a
′
j〉.
is the intertwining operator between two actions of affine quantum group Uq gˆ on Vλi⊗Vλj ,
which are induced correspondingly by comultiplication ∆ and opposite comultiplication ∆¯
[13, 14, 15]:
RVλi⊗Vλj (xi/xj)∆(g) = ∆¯(g)RVλi⊗Vλj (xi/xj).
Aij and Bij , Bii = 0 in (4) are arbitrary matrices. In general, H(A,B) depends on de-
formation parameter q of quantum group, which is included in the R-matrix. Note that
RVλi⊗Vλj (xi/xj) does not depend on q and is identity only if λi or λj are trivial one-
dimensional representations. So, in the special case, when the only nontrivial R-matrixes
in (4) are between representations, one of which is trivial representation, the expression of
H(A,B) doesn’t depend on q. Then H(A,B) commutes with the quantum group action for
all values of deformation parameter. In the following we consider only this case.
Following [2, 1] we can from the operator H construct the following Hamiltonian acting
on W = V⊗L: 6
H =
L−1∑
i=1
Hii+1, (5)
where the indices i and i+1 denote the sites whereH acts non-trivially. By the construction,
H is quantum group invariant:
[H,∆L−1(g)] = 0, ∀g ∈ Uq gˆ
Let us define the projection operators Qi on V for each class of equivalent irreps (λi, xi),
i = 1, . . . ,M
Qivj = δijvj, ∀vj ∈ Vλj(xj)
M∑
i=1
Qi = id, (Qi)2 = Qi
Their action on W is given by
Qi =
L∑
l=1
Qil
6Here and in the following we omit the dependence on xi
3
It is easy to see that these projections commute with Hamiltonian H and quantum group
Uq gˆ:
[Qi,H] = 0, [Qi, Uq gˆ] = 0 (6)
Denote by Wp1...pM the subspace of W with values pi of Q
i on it. Then we have the
decomposition
W =
⊕
p1,...,pM
p1+...+pM=L
Wp1...pM (7)
Let V0 be the linear space, spanned by the highest weight vectors in V :
V
0 := ⊕Ni=1v
0
λi
,
where v0λi ∈ Vλi is a highest weight vector. We also define W
0 := V0 ⊗L. The space W0
is H-invariant. For general q the action of Uq gˆ on W
0 generate whole space W. Indeed,
the Uq gˆ-action on each state of type v
0
λi1
⊗ . . .⊗ v0λiL
generates the space Vλi1 ⊗ . . .⊗VλiL ,
because the tensor product of finite dimensional irreducible representations of an affine
quantum group is irreducible [16].
Consider now the subspace W0p1...pM = W
0 ∩Wp1...pM . According to (7) we have the
decomposition
W
0 =
⊕
p1,...,pM
p1+...+pM=L
W
0
p1...pM
. (8)
Note that
dp1...pM := dimW
0
p1...pM
=
(
L
p1 . . . pM
)
Np11 . . . N
pM
M .
Let us define by H0 the restriction of H on W0: H0 := H|W0 . It follows from (6) that
Hamiltonians H and H0 have block diagonal form with respect to the decompositions (7)
and (8), respectively. Every eigenvector w0αp1...pM
∈ W0p1...pM with energy value Eαp1...pM
gives rise to an irreducible Uq gˆ-multiplet Wαp1...pM of dimension
dimWαp1...pM =
M∏
k=1
(dimVλk)
pk (9)
On Wαp1...pM the Hamiltonian H is diagonal with eigenvalue Eαp1...pM . In particular, in the
case when all Vλi are equivalent, the degeneracy levels are the same for all Eαp1...pM and
are equal to (dimVλ)
L.
Now, let us assume we know the energy spectrum Eαp1...pM for H0. Then the statistical
sum is given by
ZH0(β) =
∑
p1,...,pM
p1+...+pM=L
dp1...pM∑
αp1...pM=1
exp(βEαp1...pM ), (10)
and it follows that the statistical sum of H has the following form:
ZH(β) =
∑
p1,...,pM
p1+...+pM=L
M∏
k=1
(dimVλk)
pk
dp1...pM∑
αp1...pM=1
exp(βEαp1...pM ). (11)
So, if the underlying Hamiltonian H0 is integrable and its eigenvectors and eigenvalues can
be found, then we know these for H too. Acting with the quantum group on all eigenvectors
of an energy level of H0 one obtains the whole eigenspace of H for this level.
4
3 Multi-band t− J model with vanishing spin-spin coupling
J = 0
Let us consider here the quantum group Uq ŝl2. We choose V = V0 ⊕Vj for decomposi-
tion (1), i.e. we take a direct sum of the trivial spin-0 and the 2j + 1-dimensional spin-j
representation of Uqsl2. The R-matrix in the second term in (4) does not depend on q and
spectral parameters xi and coincides with the identity, as it was mentioned above. So, using
(4) and (5), we obtain the following Hamiltonian
H(t, V1, V2) =
L−1∑
i=1
−t 2j+1∑
p=1
(Xi
p
0Xi+1
0
p +Xi+1
p
0Xi
0
p) + V1Xi
0
0Xi+1
0
0
+V2
2j+1∑
p,p′=1
Xi
p
pXi+1
p′
p′
 (12)
The Hamiltonian H =
∑
iHii+1 was constructed from the operator H = Hii+1, where H
can be written in the matrix form
H =

V1 0 0 0
0 0 −t · id 0
0 −t · id 0 0
0 0 0 V2 · id
 . (13)
The projection on the highest weight space coincides with the constructing block of the
XXZ Hamiltonian in an external magnetic field. This implies that the restriction of (12)
to the space W0 is
H0(t,W1,W2) = HXXZ(t,∆, B)
= −
t
2
L−1∑
i=1
(
σxi σ
x
i+1 + σ
y
i σ
y
i+1 +∆σ
z
i σ
z
i+1 +
B
2
σzi
)
, (14)
where
∆ = −
V1 + V2
2t
, B =
2
t
(V1 − V2) (15)
For the special case V1 + V2 = 0 H0 gives rise to the free fermionic (or equivalently XY )
Hamiltonian (∆ = 0).
The projection operators Xab are expressed through the fermionic creation-annihilation
operators as follows
Xi
p
0 = Pc
+
i,p, Xi
0
p = ci,pP,
Xi
p
p = ni,pP = Pni,p, Xi
0
0 = (1− ni)P = P(1− ni) (16)
Here we introduced the projection operator which forbids double occupation on all sites
P =
L∏
i=1
Pi, Pi =
∏
p 6=p′
(1− ni,pni,p′)
and the total particle number ni =
∑
p ni,p at site i.
5
After the substitution of the fermionic representation (16) into (12) we obtain
H(t, V1, V2) = P
L−1∑
i=1
−t 2j+1∑
p=1
(c+i,pci+1,p + c
+
i+1,pci,p) +
V nini+1 − V1(ni + ni+1) + V1]P, (17)
where V = V1 + V2. The chemical potential term −V1
∑L−1
i=1 (ni + ni+1) commutes with
H and can be omitted. So, up to unessential boundary and constant terms (17) is a
multicomponent t− J model with vanishing spin-spin coupling (J = 0)
H(t, V ) =
L−1∑
i=1
−t 2j+1∑
p=1
(c+i,pci+1,p + c
+
i+1,pci,p) + V nini+1
+ L∑
i=1
2j+1∑
p 6=p′,
p,p′=1
Up,p′ni,pni,p′, (18)
where the infinite Hubbard interaction amplitude Up,p′ = +∞ between p and p
′ bands
excludes sites with double and more occupations. It follows from the above considerations
that this model has energy levels which coincide with the levels of XXZ Heisenberg model,
but that the degeneracy of the levels is different.
For vanishing density-density interaction V = 0 the Hamiltonian (18) describes the
infinite repulsion limit of the multi-band Hubbard model. Thus, according to (15) ∆ = 0
and it has the energy levels of free fermionic model.
4 Multi-band extension of t−J model, which has affine quan-
tum group symmetry
In this section we consider Hamiltonians which have the same energy levels as t− J model
but have affine quantum group symmetry. Because each site in ordinary t − J model has
three states, one should for this purpose take direct sum of three spaces. Let
V = V0 ⊕Vj ⊕Vj (19)
Recall the t− J model is given by
Ht−J(t, J, V ) = P
L−1∑
i=1
−t ∑
σ=± 1
2
(c+i,σci+1,σ + c
+
i+1,σci,σ) + JSiSi+1 + V nini+1
P, (20)
where c+σ , cσ are creation-annihilation operators of spin-
1
2 fermion, S =
∑
σ,σ′ c
+
σ σσσ′cσ′ is
the fermionic spin operator and P =
∏L
i=1(1− ni,↑ni,↓) forbids double occupation of sites.
We rewrite it in terms of Hubbard operators Xab , where a, b = 0,±
1
2 :
H(t, J, V ) =
L−1∑
i=1
 ∑
σ=± 1
2
(
−t(Xi
σ
0Xi+1
0
σ +Xi+1
σ
0Xi
0
σ) +
1
2
J ·Xi
σ
−σXi+1
−σ
σ
)
+
∑
σ,σ′=± 1
2
(
σσ′J + V
)
Xi
σ
σXi+1
σ′
σ′
 (21)
6
Let us now look at the general expression (4) of intertwining operators Hij acting on the
space (19). For convenience we make index change in the following way. The two spin-j
representations we use are denoted by σ = ±12 . The intrinsic index in each V
(σ)
j is denoted
by k, k = 1, . . . , 2j+1. So, instead of (ni, ai) in (4) we have (σ, k), if i corresponds to spin-j
multiplet. Because the spin-0 singlet is one dimensional and single, we just use for it the
index 0. The non-equivalent irreps in (19) are V
(σ)
j and V0 and, as mentioned above, the
R-matrix for two such representations is the identity. After performing the first sum in (4)
over non-equivalent multiplets we obtain
H(A, a, b1, b2) =
∑
σ1,σ2,σ
′
1
,σ′
2
Aσ2σ′2
σ1σ
′
1
∑
k,k′
X
(σ1,k)
(σ2,k)
⊗X
(σ′
1
,k′)
(σ′
2
,k′)
+ a ·X00 ⊗X00
+
∑
k,σ
(
b1 ·X
(σ,k)
0 ⊗X
0
(σ,k) + b2 ·X
0
(σ,k) ⊗X
(σ,k)
0
)
(22)
To implement the restriction H0(A, a, b1, b2) of this operator on the highest weight space
one just should eliminate the sum over k, k′ and put k = k′ = 0. Comparing (22) and (21)
it follows that the expressions coincide if one chooses
a = 0 b1 = b2 = −t A
−σσ
σ−σ = J/2 A
σ′σ′
σσ = (σσ
′) · J + V
and choose the other values of A
σ′
1
σ′
2
σ1σ2 equal zero.
So, the Hamiltonian H(A, a, b1, b2) corresponding to (22) with these values of parameters
gives rise to a t−J model (20) on the highest weight space. According to the previous con-
siderations it will have the same energy levels as t−J model, but with different degeneracy.
Recall that for J = 2t the t− J model is ”supersymmetric” and integrable.
We express the Hubbard operators in terms of multi-band fermionic creation-annihila-
tion operators as follows
Xi
(σ,k)
0 = Pc
k+
i,σ , Xi
0
(σ,k) = c
k
i,σP,
(23)
Xi
(σ,k)
(−σ,k) = c
k+
i,σ c
k
i,−σP = Pc
k+
i,σ c
k
i,−σ, Xi
(σ,k)
(σ,k) = n
k
i,σP = Pn
k
i,σ
Here as before we used the projection operator, which forbids double occupation on all sites
P =
L∏
i=1
Pi, Pi =
∏
(σ,k) 6=(σ′,k′)
(1− nki,σn
k′
i,σ′)
Now, we can write down the Hamiltonian (5) in terms of multi-band fermions, substituting
(23) into (22). We obtain in this way the multi-band generalization of (20)
H(t, J, V ) = P
L−1∑
i=1
−t 2j+1∑
k=1
∑
σ=± 1
2
(ck+i,σ c
k
i+1,σ + c
k+
i+1,σc
k
i,σ) + JSiSi+1 + V nini+1
P, (24)
Here k is the band index, and S =
∑
k S
k, n =
∑
k n
k are total spin and total particle
number operators.
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